HOLDER ESTIMATES FOR SOLUTIONS OF THE CAUCHY PROBLEM FOR THE POROUS 
MEDIUM EQUATION WITH EXTERNAL FORCES 



MASASHI MIZUNO 



ABSTRACT. We study the interior Holder regularity problem for weak solutions of the porous medium equation with 
external forces. Since the porous medium equation is the typical example of degenerate parabolic equations, Holder 
regularity is a delicate matter and does not follow by classical methods. Caffrelli-Friedman, and Caffarelli- Vazquez- 
Wolansky showed Holder regularity for the model equation without external forces. DiBenedetto and Friedman showed 
the Holder continuity of weak solutions with some integrability conditions of the external forces but they did not obtain 
the quantitative estimates. The quantitative estimates are important for studying the perturbation problem of the porous 
medium equation. We obtain the scale invariant Holder estimates for weak solutions of the porous medium equations 
' with the external forces. As a particular case, we recover the well known Holder estimates for the linear heat equation. 
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1. Introduction 

We consider the following degenerate parabolic equation: 

(d t u- Au m = divf + g, (>0,i£ 
u(0,x) = u (x) > 0, x e R™, 



where m > 1 is a constant, u = u(t,x) : (0, oo) x R™ — > R is unknown, uq = uq(x) : R" — > [0, oo), 
/ = /(*, x) : (0, oo) x E" -> R" and g = g(t, x) : (0, oo) x R" ->■ R are given. For f,g = 0, the equation (fTTTb 
is called the porous medium equation. The equation (II . lb is a degenerate parabolic equation since the diffusion 
■^j- ' coefficient mu" 1 " 1 may vanish. It is well-known that solutions of the degenerate parabolic equation ( II. U are not 

lO . generally smooth even if the initial datum uq is smooth enough. We now introduce the notion of weak solutions. 

Definition 1.1. For u e L x (R n ) and for f,g e £ 1 ((0, oo) x R"), we call u a weak solution of Jl.ll > if there 
exists T > such that 



(1) u(t,x) > for almost all (t,x) £ [0, T) x R n ; 

(2) u € L°°(0,T; L 1 (R") D i m+1 (R")) with Vu m G i 2 ((0,T) x R n ); 

(3) u satisfies ([LB . namely for all ip e C 1 (0, T ; (R™)) and for almost all < t < T, 



! / u(t)(p(t) dx - I I ud t <pdTdx+ f [ Vu m -Vipdrdx 

JR« JO JM" Jo JR n 

= / uo(p(0) dx — / / f-Vipdrdx+ / / gifdrdx. 
Jr™ Jo Jr™ Jo JR" 

We remark that the existence of weak solutions is shown by Oleinik-Kalasinkov-Czou [ 19| and J. L. Lions lfl6l 
(cf. Otani [22]). Our aim in this paper is to obtain a priori Holder estimates for weak solutions of ( |1.1| >. 

Caffarelli-Friedman [5 1 and Caffarelli-Vazquez-Wolanski @ showed Holder continuity for solutions of the 
porous medium equation. They essentially use a pointwise estimates for the derivative of solutions given by 
Aronson-Benilan f2] and the comparison principle for the porous medium equation. For the general case with 
the external force (II . lb . the Aronson-Benilan type estimate is not known. In addition, if the equation involves 
non-local effect such as the system with other equations, the comparison principle does not generally hold. For 
instance, we consider the following degenerate Keller-Segel system: 

' d t u - Au m + div(wV^) =0, t > 0, x e R™, 

(1.2) < -Ai/) + i/) = u, i>0,ieM", 

u(0,x) = u Q (x), ieP. 
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It is known by Sugiyama-Kunii (24l that there exists a time global bounded weak solution (u, ip) of (II. 2b in the 
case of 1 < m < 2 — — and n > 3 for small initial data. Regularity estimates of solutions of ( 11.21 ) are closely 
related to the large time asymptotic behavior of solutions of ( 11.2b (cf. Luckhaus-Sugiyama ifTTl . Ogawa l20l . 
Ogawa-Mizuno [21 ]), however comparison principles do not hold for ( 11.2b . Therefore it is an worth to derive the 
regularity of the weak solution of (11.1b without using the comparison principle. 

On the other hand, DiBenedetto-Friedman Q, Wiegner 11261 considered the p-Laplace evolution equation: 



(1.3) 



d t v - div(\Vv\ p - 2 \7v) = 0, (>0,i6 
v(0,x) = v (x), iGl" 



The p-Laplace evolution equation is a typical example of degenerate parabolic equations. They showed the Holder 
continuity for the gradient of the solutions of (11.3b by using the method of alternative and intrinsic rescaling. 
Misawa |[T8l showed the gradient Holder estimates for more general p-Laplace evolution equations. We remark 
that they does not rely on the comparison principle for the p-Laplace evolution equation ( 11.31 ). Roughly speaking, 
the gradient of the solution may be regarded to satisfy (11.1b with /, g = and it seems possible to apply their 
methods for solutions of (11.1b . In fact, DiBenedetto-Friedman (9| showed Holder continuity for solutions of (11.1b 
with /, g = and m > 1. They also mentioned the Holder continuity of the weak solution of d 1 - 1 b involving the 
external forces / G L 9 (0,oo; LP^W 1 )), g E £2(0,00; £f(R™)) with 2 + 2 < 1. In this paper we extend the 
above mentioned results to the case of general external forces, more specifically, we prove Holder continuity for 
bounded weak solutions of ( 11.1b . In addition, we obtain Holder estimates with explicit dependence on the external 
forces / and g. 

It is well-known that Harnack estimates are closely related to Holder continuity of solutions (cf. Aronson- 
Caffarelli 0, DiBenedetto J7J, and DiBenedetto-Gianazza-Vespri HO), flTT])- We remark that the porous 
medium equation (11.1b is not additive, in particular for a solution u of dl.lb and a constant k G R, both u — k 
and k — u do not satisfy (11.1b . Thus the Harnack inequality does not imply Holder continuity of solutions of 
dl.lb directly. DiBenedetto-Gianazza-Vespri iflOl . IfTTl pointed out this fact and considered Holder estimates for 
the singular porous medium equation, namely (ll.lt with < m < 1. It is also well-known that regularity of the 
gradient of solutions imply Holder continuity. Gradient estimates for p-Laplace evolution equations are recently 
studied by Kinnunen-Lewis fPHl . Acerbi-Mingione (T), Duzaar-Ming ione HI 21 and Kuusi-Mingione 111411 . 

Before stating our main theorem, we introduce weak LP spaces. 

Definition 1.2. For a domain il C R™ and an exponent p > 1, a function / G Zq oc (fi) belongs to 1^,(0) if 



sup — j- I \f\ dx < 00. 

O : compact \K\ i> J K 



KCCI : compact \K\ p JK 

Remark 1.3. By Holder inequality, we find D>(Sl) C L^(fi). In fact, 1% (D.) is strictly larger than L P (Q,) since 
\x\~v £ L p (R n ) but belonging to (« n ) . 

Now, we state our main theorem. 

Theorem 1.4. Let m > 1 and let u be a bounded weak solution of dl.ll ). Assume f G L 9 (0, 00 ; L p (R n )) and 
g G Li (0, 00 ; L^(W 1 )) for some p, q > 2 satisfying | + — < 1. Then, for all e > 0, the solution u is uniform 
Holder continuous with respect to (t, x) in (s, 00) x R™. Precisely, there exist constants C, a > such that 

(1.4) \u{t,x) - u(s,y)\ < C(||u|| iO o(( 0jOO ) xR n) 



I U IIl°°((o7oo)xR")II/IIl<!(0,oo;LS.(K")) + II W ll L~ ((0?oo) xR" ) \\9 



L2(0,cxd;L^ (R")) 

1- 



x(iHii»((o:oo)xRn)i*-sp+k-yr) 



/or aZZ (t,x),(s,y) G (£,00) x R™, where a > depends only on n,m,p,q and C > depends only on 
n,m,p,q,e. 

When the initial datum uo is bounded positive and the external force div / + g is bounded, then solutions of 
(11.1b is bounded on some time interval (0, T) by the maximum principle. Sugiyama-Kunii 1241 and Ogawa l20l 
showed the boundedness for the solution and rescaled solution of dl.2b hence we may apply our results for (11. 2b . 
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We emphasize that our estimate (11.4) is scale invariant. In fact, for the parameter M > 0, we consider the scale 
transform 

„ t = — r s, um(s. x) = — u(t, x), 

(1.5) M TO_1 v ; M ' 



Then um satisfies 



f M {s,x) = f{t,x), g M {s,x) = g{t,x). 



d s u M - Au^ = div ( -^—fu] + (i^—9M 



and Theorem l 1 .4l implies 

\UM(s,y) ~ U M (s',y')\ < Cf |U°°((0,oo)xR«) 



M m J / V A/ 



i(i-i) i 

Um IIl°°((0,cx))xR™)II-/' m IIl<!(o,oo;LP(R™)) 



1 \ m 

J l|WAf|l2 a o (( o7 00 )x»»)llfl , Ar|| 



l2(0,oo;L^ (H«)) 

ii«wii!i«o:«i)KR-)i«-*'i s + i»-w , r)- 



By the scale transform (11.5b . we have (11. 41 hence we find that the Holder estimates ( 11.4b is invariant for the scale 
transform ( 11.5) . 

Our Holder estimates ( 11.4) is some generalization for the case of the heat equation. Actually, letting m — > 1, we 
find that the constant C > is bounded and the Holder exponent a > is away from 0. Therefore the estimates 
(11.4) implies the well-known Holder estimates for the case of the heat equation. 

The basic strategy to prove Theorem l!. 4l is to use the method of alternative and intrinsic scaling by DiBenedetto- 
Friedman (9). Since they use the local oscillation of solutions as the intrinsic scaling, it seems difficult to obtain 
Holder estimates of solutions. On the other hand, we use the local maximum of solutions as the intrinsic scaling 
and we make the more exact Caccioppoli estimate. The Caccioppoli estimate plays an important role to show the 
method of alternative. Reconstructing the iteration argument, we obtain the Holder estimates of solutions. 

For an application, we may consider the external force as the perturbation of solutions(cf. Ogawa-Mizuno lETI ). 
Applying our theorem, we do not need LP integrability of the external force, but growth order of L 2 integral. 
Therefore, it is useful to study L 2 theory of non-linear degenerate parabolic equations. Furthermore, we can 
exactly estimate the Holder norm of solutions by the external force and the maximum of solutions. 

The paper is organized as follows. In section 2, we first give an alternative lemma and show Theorem ll.4l using 
the alternative lemma. The alternative lemma gives either the better lower bounds or the better upper bounds of 
solutions. We show the lower bounds of the solution in section 3 and the upper bounds of solution in section 4. In 
appendix, we give some fundamental results of calculus which are necessary for the proof of the main theorem. 

At the end of this section, we introduce some notations. For p, M, 9q > and to 6 K, we let open intervals 



I p (to) = {h - P 2 ,t ), I e p °(t ) = (t - yp 2 ,i ( 



and 



I P ,M(to) - [to - m i__l i*o J , ^,V(*o) - yo - y M i-± >*c 

For p > and xq £ W\ we denote the n-dimensional open ball with radius p and center xo by B p (xq). We define 
parabolic cylinders Q p {to, xo), Q e p °{to, %o) and modified parabolic cylinders Q p ,m(^o, xo), Q p °m(^ ' Xo ) by 

Q p {t ,x ) = I p {t ) x B p {x ), Q e p °(t ,x ) = I e p a {t ) x B p {x ) 

and 

Q P ,M{t ,x ) = I p ,M(to) x B p {xo), Q e p ° M {t 0l x ) = I p ° M {to) x B p {xo). 
We often abbreviate the center of parabolic cylinders (to, xq). We denote the n-dimensional Lebesgue measure by 
m n . A function space L q {I Pt M', L^,{Bp)) is abbreviated to ){Q p ,m) and another function spaces are also 

same. For a function / on a set A, we denote the oscillation of / in A by osc^ / := sup^ / — inf a /■ We denote 
the positive part of / and the negative part of / by / + := max{0, /} and /_ := max{0, — /}, respectively. We 
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FIGURE 1 . the usual parabolic cylinder and the modified parabolic cylinder 



remark that a superscript plus or minus are different of the positive part or the negative part. For a constant kgl 
and a function / on a set f2, we let 

{/ > k} := {x £ Q : f(x) > k} 

and other level sets such as {/ < k} are defined in a similar manner. We put cro = 1 — | — — and h(p, M, u) := 
11 1 1 2 

f ,„,,,,,„ . + w o a e . We denote a constant depending on m, 8, ... by C(m, B, ...). The same 

letter C will be used to denote different constants. We use subscript numbers if we consider the relation between 
the constants. For a open interval (a, ft) Cl and a open ball B p (xq) C K™, we call 77 = r)(t, x) a cut-off function 

in Q = (a, b) x B p (xo) ifrjG C°°(Q) satisfies 

T](t,x)=0 a<t<b, x £ dB p (xo) and rj(a,x) =0 x E B p (xo). 

2. Alternative lemma and proof of the main theorem 
We hereafter replace u m by u and we consider the following equation: 

(2.1) d t v,™ - Au = -divf + g. 

Let M and u> be an approximated supremum and oscillation of the weak solution u of ( 12. U . namely 

(2.2) sup m < M < 3 sup u, 

and 

3 

(2.3) — w < osc u < lj. 

4 Qp,M(*0,3!o) 

Lemma 2.1 (alternative lemma). Lef «s assume i2.2\ and ( 12.3b . 77ie« f/tere ex/sf constants < Oq^t/q < 1 anrf 
<5o > depending only on n,m,p, q such that for all p > satisfying p a ° < 5oUjM~'i lyl ~~^h{p,M^uj)~^, we 
obtain the following estimates: 

( i) Lower bounds. If 

m n+ i ( Q p ,M(to,xo) n < u < inf u+ — \ ) < 6om n +i(Qp,M{ta,XQ)), 

\ y Qp,M(ta,x ) I J / V / 

then 

u(t,x)> inf u + tiqu for (t,x) £ Qp M (t ,xo); 

Qp,M(ta,x ) 2 

( ii) Upper bounds. If 

m n+1 ( Q pM (t ,x ) D \u < inf u + — > ) > 6om n+ i ( Q p ,m(*o, x ) ) , 

V I Qp,M(t ,X ) l J / v / 

f/ien 

u(i,x)< sup u-t/quj for (t,x) £ Cfl M (t ,x ). 



Ip.M 



We will prove part (0, which is Proposition |3.1| in Section[3]and part ([[j}, which is Proposition ^. l| in Section|4] 
According to Lemma l2~Tl we obtain 



(2.4) 



osc u < osc u — rjouj < (1 — ?7o)w 

Q"g tM (t ,X ) Qp,M(t ,X ) 



provided p aa < SqloM^^ 1 ^^ h{p, M ,oS)~^ , We remark that we may take 770 as small as we want since we 
obtain by dZ4b 

osc u < (1 — r/o)Lu < (1 — tj)oj 
Q e ° M (t„,x ) 

for any < 77 < r/ . 

Remark 2.2. We explain an advantage to use the modified parabolic cylinder. For p <C 1 and M > 0, we consider 

d t u™ - Au = - div / + g in Q Pi m- 

Introducing the scale transform 



t 



M 



-s, 



u p ,m(s,v) = -r-u(t,x) 



we obtain 
(2.5) 



x = py, 
f P ,Ai(s,y) = f(t,x), 

p 



9 p ,m(s,v) = g{t,x), 



d " u ^M - AyMp.M = - div( —f p ,M} + J^9p,m in Qi 



Since M can be regarded as the supremum of u on Q P: m by the assumption ( 12.2b . we may consider ( 12.51 l as the 
uniformly parabolic equation. Furthermore, in view of 

2 

= p v 9 p ' iVl q y 



M 



- 2 +f( 1 -^)|| fll 2 



L^(iI)(Qi) 



/0 2 ( 1 -f-?)M- 1+ f( 1 -^)|| 5 || r , 



£ 3 (^)(Qp,m) 



the inequality 1 — ^ — 2 > is the sufficient condition to ignore the external force. 

We now show Theorem ll.4l bv temporary admitting Lemma |2~T1 We put Q = (0, 00) x R n , Mo = supg u and 
wo = Mq. Let 9q, So and i]q be as in Lemma l2~T1 We choose < po < e satisfying 



P0° < SoUoM q m (||/|lL(0,oo;LS,(R")) + w o||ff|| 



L2 (0,oo;lj (R n )) 



For (to, a?o) S (0, 00) x R", We denote Q = Qp .M {to, x o) , Mo = su Pq u an( ^ Mo = m ^Qo M - Then, we find 

osc u < ujq , 

Qo 

sup u < sup u < Mo , 
Jo Q 

Po" < SqUoM^ 1 ^ h{p ,M ,u Q )-? . 



We choose 



and choose sequences as follows: For j e N, 



r := mini (1 - r/ ) "0 , 



2 V3 



l/l\i(i-&)/0o- 



(?)- 







:= (1 - rio)u)j-x, 


ft : = n>Pj-i, 


(2.6) 


M,- 


:= max{/j+_ l5 u^}, 


Qj '■= Qpj,Mj \to,Xo), 






:= sup it, 


uj := inf u. 








3 Qi 



Using Lemma |2T| we obtain the following oscillation estimates. 
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Lemma 2.3. Let {oJj, pj, Mj, Qj}J^ is defined by the above (12. 6t . Then for < Sq < 1 defined in Lemma [Z71 
and for j G N, we obtain 



(2.7) 



osc it < w,-, 

sup u < sup it < Mj , 

Qj-i 



Proof of Lemma \273\ By the definition of Mj, we obtain supg^ u < supg ,_ ± u < Mj. Since < (1 — r/o) CT ° and 
definition of cjj, we find 

p? < 5 LOjMj" {1 '^ ] h{pj,Mj,Uj)-^. 

We show oscq^ u < ujj. 

To show oscqj u < u>j, we make induction. First we consider the case j = 1, Either if oscq u < jU>o, then 
we find Q\ C Qo since r < (l)^ 1 "™' and 

Mi wi 3 

> = (I — no > — ■ 

M ~ M v v ~ 4 

For this reason, we obtain 

3 

OSCM < OSCU < -LUq < (1 — Tj )uj = 0J\. 
Qi Qa 4 

Otherwise, if |w < oscg u < u>q, we obtain Mo = ljq < §Mo ■ Applying Lemma |2~T1 we find 

osc u < (1 — 77o)wo- 



Since r < 2 ™ 2 , we have Qi C Af (*o> x o) C Qo and hence 

oscu < osc u < (1 — % ) w o = ^1- 

<3i Q e p ° (t ,x ) 

~~2~ 1 

In either case, we obtain (12.7b for j = 1. Next we assume ( 12.71 ) for j < fc and we show for j = k + 1 using the 
following inequality: 

(2.8) < max { 2 (i 3 ?j0 ) ^ fc ' 3,u fc }' 

To show (12. 8K we consider the case /ij^ < gMfcLi first- Then 

+ - 1 + 

Mfc_l < OSC U + p, k _ x < Wfe-l + ^Mfc-l 

and hence < §Wfe_i = grrj^T ^fc' F° r trie omer case, namely if > \f i k-i' tnen we h ave A^fc-i < 

S/^^! < 3/i^7 < and we obtain (12.81 1. 

We show ( 12.71 for j = k + 1. First we consider the case oscQ fc u < |wfe and we show Q/c+i C Qk- Either if 
M fe = then 

Since ro < (j) 3 *- 1- ™ \ we obtain Qfc+i C Qfc. Otherwise, if Mfe = Mfc"-i> we obtain by ( 12.81 l 

M fc+1 _ M fe+1 > M fc+ i 



1 

> - 



a J_3 <^L. J^Ll 

mdX \2(l-r ;o ) M k + i ' itf k+ i / 

1 1 
> ^ ^ > -. 



Since r < (|) a ^ "»), we have Q^+i C Qfe. In either case, we have Qk+i C Qfc and hence 

3 

OSC U < OSCIt < -W/c < Wfc+i 

Qk+i Q k 4 

Second we consider the case jUJ^ < oscQ fc u < u>k- Since u>k < , we obtain 

Pfc - 1 -^\2(r=^) fa,fc ' 3/ ' +1 ' f 

and hence 



Mk-i < max | 2 (l-?7o) a; * : ' 3/ifc J " maX \ (l-7? ) ^ ' 3Mfe ' ~ 3/<fe 



M fc < max , 3/i+| < 3/i+. 

Hence we may apply Lemma |2~T1 and we obtain 



u < (1 - ?7o)wfe = Wfc+i 



Q°° (to,»o) 

Since r < I (f)^ 1- ^ )* and ^gjti > || = I we have Q fe+1 C Q^ iMfc (to,x ) and hence 

OSC U < OSC U < UJk+1- 

Qk+1 Q% M (*o,«o) 

2 - A; 



Proof of Theorem \l .4\ Remarking that M, > Mj +1 for j G N, we have by Lemma |231 

osc u < osc u < ujj. 

Q Pj ,M {to,x a ) Qj 

We choose < cr < 1 satisfying ?*q > 1 — 770. Then we obtain 

osc u < (1 — rjoYuiQ = ojq ( — 

Q Pj ,M (to,X ) \P0 

For p < po, there exists fc G No such that Pk < P < Pk-i and hence 

Q P ,M (to,K ) V Po / V/W \Po 

Taking p > as 

^ =^oM -' (1 -- ) (||/||| a(i , )(Q)+ a;o|| fl || ii(i | )(Q) )-^ 

we find 

(2-9) n osc u^CMo^Mo^^-^ll/lli^oj+^yi . f )^p ff 

for p < Po where the constant C depends only on n, m, p and q. Furthermore, if p > p , then 

os ,<r u<M (-f) <CMl-*Mr ll ~"\\\f\\l, illtnQ) +uo\\g\\ Li ( J )(Q) )^i 

Qp,M Q (to,X ) \po J " ' L2(L4)(Q) 



Therefore, we find 



osc u <C(M + M« {1 --\\\f\\l q{L t, ){Q) + M \\g\\ . j )V 



|2 



<c{m + mI {1 D \\f\\ L ^ m + M h+ « (1 L) \\ar £ )p° 

L?(L£)(Q) 



and proof of Theorem |1.4| is complete. 



3. Proof of Lower bounds © of Lemma HTTI 

Without loss of generality, we assume to = by using the parallel translation. We omit the center of ball xq. 
We hereafter write p + = supg p M u, fi" = inf q p m u. 

In this section, we prove Lower bounds in Lemma |2~T1 More precisely, we show the following proposition: 



Proposition 3.1 (First alternative). Let p > satisfying 

P aa <wjir« (1 "» ) ii(/),M,w)-', 

Assume inequalities d2.2| ) and 12.31 l. Then there exists < 8q < 1 depending only on n, m, p, q such that if 

m n+ i (q p ,m n jit < pT + < 9 m n+ i(Q p ,M), 

then 

u(t,x)>p~ + j for (t, x) £ Qr,m- 

To show the lower bounds, the following Caccioppoli estimate plays an important role. 

Lemma 3.2 (the Caccioppoli estimate for sub-level sets). Let rj = r}(t, x) be a cut-off function in Q p> m- For 
fj,~ < k < pT + there exists a constant C > depending only on m such that 

(3.1) sup [ {u{t)-k) 2 _T 1 2 dx + (p + ) 1 -™ jj |V(u- fc)-lV dtdx 
tei P , M JB p JJQp.M 

<c\uj [[ (u-fy^dtTidtdx + i^) 1 -™ [[ (u - k) 2 _\\7T]\ 2 dtdx 

I 1 1 

+ ( t i+) 1 -^h{ P ,M,u J )^ m n (B p n{u(t) < fc}) ?(5 " 5) ' dtj 

where § = I + J,. 

Proof. Testing a function — (u — k)^r] 2 in ( 12.11 ). we obtain 

r-(M-fc) 



1 



+ // - k )- ■ v i( w - k)_r] 2 }dtdx 



Qp,M vo 



/ • V{(u - k)^ 2 }dtdx - g{u - k)-7] 2 dtdx. 

Qp,M J •> Qp,M 



By the integration by parts and the Young inequality, we obtain 

,(«(t)-fc)_ 



(3.2) — sup / / (k-£)™- 1 £dnr 1 2 (t)dx + - \V(u - fc)_|V dtdx 

m *ei p ,« Jb p \Jq J 4JJ QpM 



1 



Qp,m Vo 



(«-fc). 



<-// / (k-Z)™- L Zd4)dttfdtdx 



3 // (u-fe^lV^dida: 



|/|V^a: + / / | 5 |(u-A:)_77 2 didx. 

Q P ,Mn{u<k} J JQ p ,Mn{u<k} 

We estimate the 1st term of the left-hand side of 13.21 . Since 12.3b and k < pT + ^ < p + — oscq p m u + % < p + , 
we have 

(k-Z)^- 1 > k™~ 1 > (P+)™- 1 for£>0 



and hence 



2m 



tei P ,M Jb 



— sup / {u{t)-kf_r 1 2 {t)dx + -U + y 



\V(u - fc)-lV dtdx 



m 



(k-£)™- L £d4 \d t rf dtdx 



(3.3) 



3(/i + ) 



Qp,M 



Qp.MD{u<k} 



\f\ 2 T] 2 dtdx 



(M + ) 



\g\(u — k)-?] 2 dtdx 



'Q P ,Mn{u<k} 
=■ h + h +h + h- 

We estimate I3 and I4. By the definition of the weak L p space and by the Holder inequality, we have 



P ,Mn{u<fe} 



\f\ 2 r] 2 dtdx 



dt 

Ip.M J B p n{u(t)<k} 



\f\ 2 dx 



< 



p,M 

2 I 



\\f(t)\ 2 \\ L i^m n {B p n{u(t)<k}) 'dt 



< l/l 



'L2(L2)(Qp,M) 



and 



p,Mn{u<k} 



\g\(u — k)^i] 2 dtdx = — / dt 

2 Jla.M Jh 



p,m J B p n{u(t)<k} 



' m n (B p n{u(t) <*;}) 
|g|ote 



<?'(f-§) 



rff 



< — 
~ 2 



z m 

Li (Bp) 



n (B p r\{u{t) < fc}) 1 " dt 



< ^Il9ll r «, r f,._, 

Therefore 

(3.4) I 3 +I 4 <2(n+) 1 ~^h{p,M,u J )^ m n (B p n{u(t) < fc}) 

We estimate ii . Since 

/ O-O™ -1 ^ < -m{u-k) 

Jo 

= m(u — fc)_[/c™ — (fc — (u — &)_)"•], 



n (B p n{u(t) < k} 



dt 



(«-*)- g 



9'(l-|) 



f/f 



we have 



[A;™ — (fc — (« - fc)_) — k)_d t r] 2 dtdx 



(u — k)-dtr] 2 dtdx. 



M + g ) " (A* )' 



Either if < then fi + < oj + (x and hence /i + < 2ui. Therefore 



(M + ) 



< 2 1_ ™w 



and hence 



7i < C(m)w / / (u- k)_d t rf dtdx. 



Otherwise, if p > then 



1 d / 



s ] ds 



'jj 

2m 



rfs < ^(/O™ < - — ( —u 



and hence 

(M + )^ 
In either case, we obtain 

(3.5) 



-00' 



< C(m)w. 



7i < C(m)w / / (u- fc)_a t r/ 2 cftefe. 



Substituting (|3~4t and (O for d33T > we obtain ( IXTT l. 



□ 



Proof of Proposition ^. 1\ We consider the scale transform 



s = A/ 1 "»t, u(s, x) = u(t, x), fj(s, x) = rj(t, x), 
f(s,x) = f(t,x), g(s,x) = g(t,x). 

and we put h(p, cu) := ||/|| i a(iS' )(q ) + k'llffll^g £ f ^ ^ y We rewrite the Caccioppoli estimate (13.1) as follows: 

(3.6) sup/ (u(s) - k) 2 _f(s)dx+ ^ /" // |V(u - fc)_ | 2 ?/ 2 dsdx 
s£I p Jb p M 1 m JJ Qp 

<C(m)LjJJ (u-k)^d s fj 2 dsdx+^^-^- [[ {u - k) 2 _\Vf)\ 2 dsdx 



Qp 



+ ^Mi-± ~ hM (l ™n{B p C\{u(s)<k}) q ' {1 * ^ds^j 



We take , > as 



2 


= 1 1H 


2a \ 






_ g* 


7 


9* V 











We remark that ^- + ^- = 2.. For i 6 N, we take /? = p,, fc = fe,, 77 = 77, satisfying jyj = 1 on Q Pi+1 and 

11 11 

*i = A* +-CJ + —U;, Pi = -p + —p, 



Yi 



4 1 2 i+1 2 2' 1+1 

m„+i (Q^ n {w < fcj) 



71+1 (Qp) 



2 / P q* 

^ = ~ 777T ( / m n[B Pi n {"( s ) < fc i}) ds 



m n+1 (Q p ) 



Pi 



2 8-2* „ _ 2 16-2 2i 

Vr?i < < , d s m < — — < . 

Pi - p i+1 p pf- pj +l 3p 2 
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Then, by using j2.2\ and [u — < ^, we rewrite (13. 6b as 

\\(u - fci:)-^|||=o( L 2) ni 2 (/i -l)(g ps ) 

< C(m)|cj (u - k i )_d s rj i 2 dsdx + jj (it ~ k z ) 2 _\\7r}i\ 2 dsdx 



+ h(p,uj)(^J m n (B Pi n{u(s) < ki}Y* dsj 

{2 2i oj 2 ( \ 

^ m n+1 [Q Pi f){u < fcJJ 

+ h(p 7 uj) ^ m n+1 (^B Pi n {u(s) < fc;}) 



ds 



Using the Ladyzenskaja inequality (cf. Proposition lA.ll i and the Holder inequality, we have 

\\{u-ki)-fji\\l2( Qpi) < \\(u-ki)-fji\\ 2 L2+ ± ) ||X{fi<A ; ,}llL" + 2(Q Pi ) 



< 



C(m,n)uj 2 m n+1 (Qp)Y i ni 



hi+l (Qp) 



and 

u 2 m n+1 (Qp) J 2 . - _ 2 fm n+ i{Q p ) 



(u -ki)-r)i \\ Lq , {LPt ){Qpi } <C(m,n) — ^2 Y- + %,w)cd I- 



P 2 



Since 

||(tt-/Ci)-57i||ia(Q p4 ) > || (« - h)-\\L^{Q p . +i n{u<k i+1 }) 

> - fc i+ i)im n+ i(<3 P!+1 n{S < 

a; 2 / \ 

-m n +i{Q P )Y l+ i 



64 • 2 2i 



and 



|| (u - fcj)- 7 ?Ji<!.(LP.)(Q p .) > ||(" ~ fc O-lli<!»(Lp.)(Q p . +1 n{{t<fc, +1 }) 

> (hi - k i+ i) 2 _ (^j m n (B pi+1 n {m(s) < 
cj 2 m n +i (Q P ) 



64 • 2 2 * p 2 



-Z 



t+i) 



we obtain 



< C(m,n)|2 4 ^ 1+ ^ +2 2 ^( P ,^- 2 ^ m " + ^ Qp) ^ " F^^+ £ 

and 

Zi+i < C(m, n) 1 2^ + 2 2 ^(p, u)^ 2 ( m " + ^ 2 (Qp) ) ~ | . 



Either if q > p, then ^ < 1 and we obtain 

2 / f R*. 

Z ° = 77TT / m n\ B Po n{w(s) < fco}) P * 

m n+1 (Q p ) \ Jt V / 



(3.7) 

r 2 

< 

m 



P x / m„(B po nH.s)<fc })d S p^ 1 -^ <C(n,p,q)YJ* 

n+l{Qp) \Jl P0 V ' ) 

by the Holder inequality. Otherwise, if q < p, then 



Z o = P /„ \ ( / m n (B pa n {{t(s) < fc })m„fB po n {u(s) < k }) "* ds ) 

m n+1 (Q p ) yj Ipo V ) J 

(3-8) p 2 f ( \ \* 

< T m„( J B P0 ) p * «• / m n [B po n{u{s) <k })ds\ 

m n +i{Q P ) \Ji m v > J 

<C(n,p,q)Y&. 

Therefore, by using p a ° < Loh(p,uj)~^ and Lemma |A.41 there exists < 9 = 9 a (n,m,p, q) < 1 such that if 
Y < 6*o, then Y.i — > as i — > oo, i.e. 

u(s 7 x) > p~ + — a.a. (s,x) £ Qp. 

□ 

4. Proof of Upper bounds fln]) of Lemma |2~T1 
In this section, we prove Upper bounds in Lemma |2~T1 More precisely we show the following proposition: 

Proposition 4.1. Let < 9q < 1- Assume inequalities ( 12.21 i and ( I2.31 l. 77ie«, f/zere ex/sf r/i , <5i > depending only 
on ri, m, p, q and 9q such that if 

p aa < JiwAf-^ 1 "™^, A/,w)~5 

and 



m n +i 

then 



Qp.M n \u < inf u+ ^} ) > 9 m n+1 (Q p . M ) 
< Q P ,M 2, ) J 



u(t,x) < sup u — rjiuj for (t,x) G Q ° ,,. 

Qp,M 



Taking 9q as in Proposition |3.1| Si, r\\ > as in Proposition ^. 1 l and 

S = min{l,(5i} , ?y = min|i,7;i|, 



we obtain Lemma lZTI 

To prove Proposition |4J] we first show measure estimates of sub level sets of some time slice. 



Lemma 4.2. Let < 9 < 1. If 
(4.1) m„ 4 



l (q p .m n jw < p + ^ > 9 m n+1 (Q pM ) 



then for all < 9 < 9q, there exists £—r < tq < —9 — ^—r depending only on 9 and 9q such that 

M m M m 



m n ^B p n |u(r ) > p + ^ < i—ym„(S p ). 
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Proof. By the change of variable t = — ^s, u(s, x) = u(t, x) and d4.ll ), we obtain 



J m n 



+■ 7; \ ) ds = —^2 — m ™+! ( Qp> M n \ u > f 1 + ^ 

< 



m ■■= log 



H-(i-k) + + c 



-jj I (Qp,A/ J - m n+ l I Qp,M H <U < /X + — 

< — ^5 — (- 1 ~ ^o) m n+i\Q p ,m) = (1 - o )m n (B p ). 
If m„ (S p n {«(s) > /u" + f }) > ^m n for all -1< s < -0, then 

y m n ^Bp n lu(s) > pT + tfs > y m„ (b p n |u(s) > /u" + ds 

> (l-0 o )m n (Bp), 

which is contradiction. □ 

We next show Bernstein type estimates for the positive part of solutions. 
Lemma 4.3. There exist ro, #2 > depending only on n, m, p, q and 0q such that 

m n (B p n |u(t) > M + - ^}) < f 1 - (y) 

/or* e Ip° M , provided p a ° < S 2 0JM~^ 1 ~^ ) h(p, M,w)-*. 
Proof. We rewrite (12. U as 

9tu — mu 1- ™ Au = —mu l ~~ div / + rmi}~~ g. 

Let 

# \ 



where k = p, + ^ , H = fi + — k = oscq p M u ~ ^ , c = and ro > 2 be chosen later. We remark that 
V>, "0': V 1 " = (VO 2 > 0, where /' = We take the cut-off function 77 = 77(2;) as 

f] e C$°(B p ), r, = 1 on B (1 _ CT) p and |V7j| < — , 

where a > will be chosen later. Putting w = ip(u) and taking the test function (ip 2 )' (u)t] 2 in (to, t) x B p , where 
tq will be chosen later, we have 



1 r ' 

' 2 2 T 

w rj ax 



2 



Since 



= m / / (/ ■V((u 1 -»(^)V))tt + m f f u^^g^yrf dtdx. 

J T J B p Jr a JB p 



VHu 1 -^ (V- 2 ) V) = (l - W> 2 )V Vu + u 1 ^ (^ 2 )V Vu + u 1 ^ W' 2 )'V77 2 , 

V mJ 



we obtain 



w 2 r] 2 dx 



+ (m-l) 



T JB. 



u -m (-0 j! )'|Vurr7 cftcfe + to 
ft 



u 1_ ™(V> 2 )"|Vtt|V dida; 



-m u 1 "^(V' 2 )'(Vu-V?7 2 )didx+(?7i-l) 

■/to -'-Bp 

.1-— f„l.2\"t 



to J B p 

u-^(g 2 Y(f -Vu)if dtdx 



to J B p 



•TQ J Bp 

ft 



u^WYV-Vutfdtdx + m I I u 1_ ™(^ 2 )'(/ -Vr) 2 )dtdx 

J T J Bp 



+ m / u^^i^Ygr] 2 dtdx 

J to J Bp 

: h+h+h + h + h- 



Using the property (ip 2 )' Vm = 2w;V'u; and the Young inequality, we have 

7i < m / u l ~™w\\7w\ 2 rj 2 dtdx + Am / / u 1_ ™ w\ V7y| 2 dtdx, 

«/ To J B„ J To J B„ 



TO — 1 



h < 



TO 

/a < -r 



Ia < 4to 



u~- (iP 2 y\Vu\ 2 r) 2 dtdx + 



TO — 1 



to J Bp 



u--{V)'\f\ 2 r 1 2 dtdx 



to J Bp 



I TQ J Bp 

ft 



u l --(ijj 2 y'\\7u\ 2 r 1 2 dtdx + m / / u L -~ ^ 2 )"\f\ 2 r] 2 dtdx 



to J Bp 



u 1 m wip'\fWVT]\r} dtdx 



it J Bp 



•to J Bp 

I 5 < 2m / / u}~™wi/)'\g\T) 2 dtdx. 

J to J Bp 

Since ip" = {^') 2 , (^ 2 )" = 2(V>') 2 (1 + V0> we have 
^-^{^y^Vu^^dtdx 



<2m I I u^^w\\7i]\ 2 dtdx + 2m / / u 1 ^^ (g') 2 w\f\ 2 r] 2 dtdx, 



to J Bp 



to J Bp 



2m 



to JB, 



u L ~-\Vw\ z ri 2 dtdx + 2m / / u L ^~w\ Vw\ 2 if dtdx. 

Jt„ J Bp 



Combining the above estimates, we have 

to — 1 



w dx + 



u-™(ip 2 )'r] 2 \Vu\ 2 dtdx 



to J Bp 



2 m 



to JB, 



u L ~\Vw\ 2 rf dtdx + — 



u ™w\Vw\ r\ dtdx 



to J Bp 



(4.2) 



< 



- f w 2 (To)rj 2 (tq) dx + 6to J j u 1 ™w|Vr/| 2 dtdx 



to J Bp 



TO — 1 



to JB, 



u-™(^ 2 y\f\ 2 T] 2 dtdx + 2m / / u 1 -™(il)') 2 (l + 2w)\f\ 2 rj 2 dtdx 

J T J Bp 



+ 2m 



u ™wip'\g\r) dtdx 



I to J Bp 

=:I» + I 7 + h+I 9 + Iio- 
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For simplicity, we put k' = /i + — c = fi + — First, we estimate the left-hand side of J4.2b . Since k' > k, we 
have 

If If 

w 2 (t)r] 2 (t)dx > - w 2 (t)dx 



2 >B P 2 J B {1 _ a)p n{u(t)>k'} 



(4.3) 



" 2 L (1 _„ )p nMt)> k > } ^ U - (k' - *) + c) ^ 

> 5 log 2 (-57) m » ( B (i-)p n {«(*) > 

= i (r - 3) 2 log 2 2m„ n {u(t) >*'}). 

9o 



Second, we estimate Iq. Taking To as in Lemma POl with 8 = we obtain 

w = lo S+ f tr u, H ^ Tz ) ^ lo 4^-) = (ro - 1) log 2 



- (u - + c 



and hence 

h< \ ( w 2 (T )dx 

. 44 , 2 ^B p n{«(r )>fe} 

< l(r - l) 2 log 2 2|i?,n { U (r ) > fc}| < \ ■ X — |(r - l) 2 log 2 2m„(B p ). 



2 



We estimate /?. From t — r < — r- and ( 12.2b , we have 



I r < 6ro0* + ) 1- »(t-7t))(ro - l)log2f— ) m„(B p ) 
(4.5) V' 7 ' 9 / 

<C(m)(^)m„(B p ). 

We estimate /§. Since 

1 1 9 r ° 2'' 0+1 

^<7^ rr— <- = — , (^ 2 )' = 2^'< (r -l)log2 

ii — (it — K) + + c c w cj 

and 

i_ 

it m < fc m < _ for u> k, 

-\2J 

we have 

/ / lf|2 



h < C(m)(r - l)2 ro a;- 1 -- / / \f\ 2 dtdx. 

J T JB p n{u{s)>k} 

By the definition of the weak L p space and by the Holder inequality, we have 

f [ \f\ 2 dtdx< [ \\\f(s)\ 2 \\ e mJB p n{u(s)>k}) 1 ~~ P ds 



<0(n > p)JlfK 1 -^|||/| a || . , / 2CTo! ^ 



Using ( I2.3l l, we obtain 

7 8 < C(n,m,p)(^Mf( 1 -^'|||/| 2 || p ) 

(4.6) x(^) 1 "-(r -l)2-m„(i? p ) 

<C(n,m,p)(^Mf(-^|||/H| if(4)(Qp J(ro-l)2-m n (S p ) 



We estimate I 9 and I w . Considering the same calculation for I s , we have 
and 

U 

Combining estimates (l4.3M4.8l l. we have 



(rp- t7 Q 2 1 \ 

f^-M^-^WlffW . 5 2 2l -»(l + 2(r -l)log2)m„(i?,) 

and 

(4.8) /io<C(n,m,p)(^Mf( 1 -^|| 5 || . $ )2 r °(r - l)m„(S p ). 

V U> ^ 2 -^w ) \Qo,m)/ 



1)1 

(B {1 _ a)p n {u(t) > fc'}) < 



l-^o (ra-iy , Ci(m) r - 1 



l-fW-3; a 2 (r -3) 



2 



+ ft(„, m ,p)(^Mi('-A>|||/r|| i , (i j )( ^ ) ): (ro _ 3)3 

+ft(-.™,rt(^irf«'-*>W lt( j )W ,J^?}™.(J»,). 

Since 

m„ n {«(*) > &'}) = m n ({B p \ B (1 _ a)p ) n {«(t) > fc'}) + m„ (b {1 _ o)p n {u(t) > fc'}) 
< (1 - (1 - cr)")m n (B p ) + m n (b (1 _ ct)p n {u(i) >*'}), 



we have 



(B (1 _ a)p n {u(t) > fc'}) 



where 

a 



+ max{C 2 , C 3 , C±Y—M-^--^h( Pl M,u>)C 5 (r ) }m n (B p ), 



f 2 r °(r -l) 2 2 '-°(l + 2(r -l)log2) ) 

iM = max ll^p (^p /• 



We choose parameters ro, cr and #2. First we choose cr = a(n, 9q) satisfying 1 — (1 — a) n < ^9q. Second, we 
choose r = r (n, m, 9 ) satisfying 

f ro-l \ 2 . A \ . CiH ro-1 1 2 

U^sJ ^i 1 " 2-J (1 + g ° )and «« (ro -3)^ 8 g °- 

Finally, we choose <J 2 = ^{n, m,p, 6q) > sufficiently small such that 

max{C 2 ,C 3 ,C4}C 5 (r )<5 2 < 
Then, if p 2a ° < S 2 lo 2 M~* {1 ~ ™ } h(p, M, lu)- 1 , we have 

m n (B p n{u(t)>k'}^ <(l- (^j ^m n (B p ). 



□ 



In the proof of Proposition 14. 11 we need to show the Caccioppoli estimate. 
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Lemma 4.4 (the Caccioppoli estimate for super level sets). Let r) = r](t, x) be a cut-off function in Q 6 p ° M . For 
k > /i + — j, there exists a constant C > depending only on m such that 



(4.9) sup / (u(f)-fc)^77 2 (i)dx + A/ 1 -™ // |V(u - k) + \ 2 r, 2 dtdx 
teC M JB p JJq»° m 

<c(f^-V ™ // {u-kf.dtrfdtdx + M 1 '^ [( (u - k) 2 + \\7 V \ 2 dtdx 
JJqI« m JJq°° m 

+ M 1 -™h(p,M,w)^ e m n (B p C\{u{t)> k}}^ 2 p) dtj 



where i = - + -r. 
2 g 1 <?' 



Proof. Testing a function (u — k) + t] 2 to (12. Il l, we have 

sup / / (k + £)^- 1 £d£)if(t)dx+ 1 1 \V(u~k) + \ 2 r) 2 dtdx 



m 4.^r e o JR \Jc) J JJo e ° 



1 

< 

(4.10) 



( t )+ (k + n^-^dAdt^dtdx- II (V(u-k) + -Vr) 2 )(u-k) + dtdx 
~ m JJ q «o m V7 J JJq% 



f ■ V(u - fc)+ir dicfe + / / (/ • V^)(u - fc)+ dtdx 

p,M ™ p , A-f 

g(w — k)+r} 2 dtdx 

-.h+h + h + h + h- 

By the Young inequality and since i; > ft + - |, we have 

h<l;ll |V(u - k) + \ 2 rfdtdx + 2 // (it - fc)+ 1 Vf?| 2 cftdx, 
''•'Qp M •'•'Qp M 

h<~ II \\7{u-k) + \ 2 r 1 2 dtdx+ II \f\ 2 ri 2 dtdx, 
(4U) 4 ^<3^«n{u>fc} 

h< II {u - k) 2 + \Vrj\ 2 dtdx + II \f\ 2 rfdtdx, 
JJQ B ° M JJQ e ° M n{u>k} 

h<% II e \g\v 2 dtdx. 

1 JJQ p °M^{u>k} 

We estimate the first term of the left-hand side in (14.10) . Since 

+ > > > M™ _1 for 0<£<(it-fc)+, 

we have 

Au(t)-k) + -, 

(4.12) / (k + 0-- 1 td£>-M-- 1 (u(t)-k) 2 + . 



Finally, we estimate I\. By d2.3l ), we have 



Co' 



and hence 

(4.13) 7l -|(J /i+ )™ V/» ( u - k )\dtV 2 dtdx. 



Combining estimates ( 14.1 It , ( 14.12t and ( |4.13t , we obtain 

(4.14) M™- 1 sup / {u{t)-k) 2 + T] 2 (t)dx + [[ |V(u- fc)+|V dtdx 



<C{m){{^ + )^- 1 1 1 {u - kf.dtrj 2 dtdx + 1 1 (u ~ k) 2 + \\7rf dtdx 



+ 1 

P,M " " ^ P,M 



|/| V didx +%; 1 1 \g\rj 2 dtdx 

k} 

Using the same argument of the proof of Lemma US1 we have 



Q s ° M r){u>k} 2 JJQ a p ° M n{u>k} 



\f\Wdtdx<\\\f\ 2 \\ i § (f mjB p n{u(t)>k}) qil ~ p) dt 

and 

2 

[[ \g\j] 2 dtdx < \\g\\ „ £ . ([ m n (B p n flt(i) > fc}V ^ "'dt] , 

JJ Q %n { u>k } ml - m L*WQl°„)\Ji*„ V P V y 

hence we obtain ( 14.91 ) from (14.141 i. □ 

Using Bernstein type estimates, the Caccioppoli estimate and the hole filling argument, we may prove the 
smallness of measures of super level sets. 

Lemma 4.5. Let po = |p. For < u < 1, there exist qo , <5i > depending only on n, m, p 1 q, 9o and v such that 

m n+ i(Q e ; 0i M n {u > n + - ^t}) < vrn n+1 (Q 9 ; o> 

provided p a ° < 6 2 uM~ « (1 ~ ™ M, w). 
Remark 4.6. We obtain the estimate of S\ as 

<5i < 4^ 2 ~ 90 - 

Proof of Lemma \4~5\ We fix i £ ^p°M set 



I := U + 7-rrr. ft '.= tl + 

t* o, + l > i 



CO 

2J+1' """^ 2*' 

where j > ro and the constant ro is given by Lemma |431 By the Poincare type inequality (cf. Proposition [A72j, 
we have 

-^m n (B po H {u(t) > I}) < ( f { ^fC<^ I l Vw WI dx - 

Since k > p + — ^ and Lemma |4~3l we have 

m n (B Po n {u{t) < k}) = m n (B po ) - m„(B Po n {«(*) > fc}) > f m„(B Po ) 

and hence 

(4.15) ^™»(5po n {u(t) > i}) < / |V«(t)| dx. 

Z °0 J B P0 n{k<u{t)<l} 

Integrating over I ° M for ( 14.151 1, we obtain 

^rn n+1 (Q ; otM n{u> I}) < ^1 f [ |V«(t)| dtdx 



;°,m ^B P0 n{fe<«(t)<0 
< ^S^]|V(« - k) + \\ e ) m n+ i(Q^ 0iM n {fc < u < I})* 

(7q V^pq,M/ 



We estimate |[V(« — k) + \\ 2 e Let 77 = 2) be a cut-off function in Q° M satisfying 



P0. M ' 

10M 1 " 



P ^oP 2 



»j=lonQj iatfJ |Vt?|<- and d tV < 
Then, by the Caccioppoli estimate (Lemma [4.4t , we have 

l|V( ^ fc)+ll ^(Ql,)^ l|V(u - fc)+??ll ^(e,) 



<C(mK // (u-fc) 2 h (|V? ? | 2 + (^ + )™~ 1 d t 77 2 )cft(fa 
(4.16) { JJ Q e p°M 

+ h(p,M,uj)^J^ m n (B p n{u{t) > k}) q '^~^d?j 



First we estimate 1^. By the inequality d2.2| ), we have 

/1 < C(m)( M + - k) 2 + ^ + ^3( M +)^-^ m „ +1 (Q^ M ) 



We estimate I2 . Since 



^ flo m n (B p n{u(t)> k}) q ' { ^ ^dtj 



p,M 



<C( g K(B^^-^) rl m, l+ i^: j; ) 
<C( q ) mn {B p )^{^-^Y~\ n+1 (Qll M ) 



we obtain 



(4.18) I 2 < C(r i) m )J)ig )f^M5( 1 -s)^j efh(p,M,u)j x fe) ™n+i(Q 

Combining estimates ( 14.161 1, J4. 17b and ( 14.181 1, we obtain 



\\V(u-k) + \\ 2 gg 



Pq.M' 

2 „ / x 2 



< 

and hence 



x m„+i(Q*° )M ) • m n+ i(Q 8 p ° 0tM n {fc < u < /}). 



Summing over i = r + 1, . . . , q , we have 

90/ 
i=ro + l 

C(n,m,p, q) , g , 

^ #5 m n+l{Q po ,M) 

q " , /n i \ 2 2 

1=1-0 + 1 



£ (i + f»Mfr-& (L\ e S ' h( P , M,u))m n+1 (qI° o>m n {„+ - I < „ < - } 



C(n,m,p,q) , e 2<r 2 (1 _ i} /2 9 ° . 

< ^ m„+i (Qp^Mj l^ 1 + P A/<! m M — ) M 



< 



/ \ 

x E <U n {^ + -J<"<M + -^+T} 
C(n ' m ' P ' 9 lm„ +1 (Q^ M )Xl + P 2 -Mf(--)(^)VMP,M )W ) 



We take go > enough large such that 



2C{n 1 m 1 p,q) < ^ 



Since 

(Jo / \ 2 / v 2 

E ™»+i(^o,A/ n { u >M + -^}] >(9o-ro)m„ +1 ^° 0iM n{ U >M + -^ T }j , 



i=r + l 

we have 

^o(?o - ro) 
<^ 2 m n+1 (Q^ M ) 2 

provided p 2CT ° < min{0 o ~2~ 2<?0 , Jf}u; 2 M~i (1 ~ "^(p, M, where <5 2 > is given by Lemma 1431 Taking 
5\ := minlgo v 2- 2 i°J%}, we obtain Lemma|43] □ 

Proof of Proposition \4.1\ Let < ^ < 1 be chosen later. We take Si > and go as in Lemma l4~5l We introduce 
the following scale transform 

s = M 1 ~™t, u(s,x) = u(t,x), fj(s, x) = 7](t, x), 
f(s,x) = f(t,x), g(s,x) = g(t,x). 
Then, using ( 12.21 ), we may rewrite the Caccioppoli estimate (14. 9\ as follows: 

sup / (u(s) - k) 2 + fi 2 (s) dx + // |V(u - k) + \ 2 fj 2 dsdx 
< C(m)| JJ^{u-k) 2 + \^)^^d s f, 2 + \Vrj\ 2 }dsdx 
(4.19) +h{p,Lu)(^J^m n (B p n{u{s)>k}) q '^~v ) ds 

<C{m)\ [[ {u-k) 2 + \d s fi 2 + \Vi)\ 2 \dsdx 



+ h(p,w)^J^ m n (B p n {«(*) > k}) q ' (h - ] ds^j 
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where h(p,«,) := ||/||L(l*)(q p ) + w Mhi (L i W S 

We take p*,q* > as in the proof of Proposition 13. 1 l and for i 6 N we take p = k = ki, fj = fji satisfying 
fji = 1 on Q^> +1 and 



1 1 

Pi = 

m n+1 (Q e p ° n {u > h}) 



ki = U + 1 r— -W, Oi = —P H r-rrp, 



X := 



2 /-^ | 2ctq , 

9* ■ n ' 



m„+i(Q p °) 

,„ _ , 2 12 • 2' 4 1 48 • 2 21 

- p i+1 po o pf - pf +1 e oP - 

From d4.19t and (u — ki)+ < 2q ^+i , we obtain 

||(« - *i)+Wlli 00(£3)n£acAl)(0 Jo ) + <")(/,„ mn ( B P ^ > U ^ dS ) 

- C{m) { {^) 2 (r + l ) 2 -^ m ^{ Q l° n < fi > fc *>) 
+ h(p,u)^J^ m n (B p n {u(s) > fcj) P * ds^j 

sc(m , 9o) -ip ( ^^ 

1 

Since ft < 6> 7 2~«°, we have 

Mp,«)^— J { p 2 ) C{n,p,q,e ) 

and hence 

By the Ladyzenskaj a inequality (cf. Proposition lA. \\ and the Holder inequality, we have 

|| (« - h)+m\\ 2 L2[Q Bo ) < ll(« - h)+v l \\l 2+ A {Q e 0) \\x{u>k t }\\ 2 Ln+2{Q e 0) 



and 



Since 



(a-*i)+ftll£, w jo) > ll("-^)+ll i2(Q ?o +in{s>fci+l}) 

> - fc l ) 2 m„+i(Q^ +i n {u > fe+i}) 

2^Tl) m» + i(Q*)^+i 
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and 



we obtain 



and 



\(u- ki) + m\\ Lq . (LP . KQ ' 0i) > IK" - k ^+W L i*Lp-*(Q e p ° +1 n{u>k z+1 }) 
Y i+1 < C{n, m ,p, q M{^Yt + ^~ 2 +2 2 %^ Z] + ^} 



Z i+ i < C(n,m,p,q 1 8 Q ){2 il Y l + 2 2l zt + ^ L y 
Considering the same calculation of ( 13.7b and d3.81 l. we obtain 

\ C(n,p,q,6 )Y<T if 9>P, 

[C(n,p,q,6 )Y " if g < p. 

Therefore, by Lemma lA~4l there exists < v = u(n, m, p,q,0o) < 1 such that if Yq < v, then Yi —> as i — >• 00, 
i.e. 

u(s, x) < fi + - a - a - ( s > x ) e • 

By Lemma l4~5l we obtain the upper bounds of u. □ 

Appendix A. Appendix 
Their results are well-known, however we give the proof here for reader's convenience. 

A. 1 . Some Sobolev type inequality. 

Proposition A.l (Ladyzenskaja-Solonnikov-Ural'ceva [|T5] p. 74]). Let I <zM.be an open interval and let il C R™ 
be a domain. Then for f € L°°(I; L 2 {fl)) (~l L 2 {I; H^fl)) and p, q > 2 satisfying 

2 n n 

" + -=« if n^2, 

q p 2 

2 n n 

— I = — without q = 2, p = 00 if n = 2, 

q p 2 

we obtain 

(A.l) ||/||i,»(j;£*(n)) < C(n,p, g)(||/|U»(j;£2(n)) + II V/|| L 2 (/xn) ). 

Proof. By the Gagliardo-Nirenberg-Sobolev inequality, we have 

Il/Wllwflj) < ^,p)||V/(t)||f^| ) ||/(t)t; ( ( | ) " f) a.a. t e I. 
Taking L q (I) norm on both side, we obtain ( lA.lt . □ 

Proposition A.2 (Ladyzenskaja-Solonnikov-Ural'ceva IT31 p. 91]). Let f be a non-negative function belonging to 
W ' {Bp) and let I > k. Then there exists a constant C > depending on n only such that 

{I - k)m n {{f > I}) < P tjt-ttx / |V/| dx. 

m n (B p ) -m n {{} > k}) J{k<f<i} 



For the proof of Proposition IA. 21 we need the following Poincare inequalities: 

Lemma A.3 (Ladyzenskaja-Solonnikov-UraFceva [15 Lemma 5.1 in p. 89]). Let g £ W 1 ' 1 {B P ) ne a non-negative 
function and let Nq := {g = 0}. Let T){x) = n{\x\) be a decreasing function of \x\ satisfying < rj < 1 and 
T]\ N = 1. Then for measurable set N C B p , we have 

C p n 1 f 

g(x)r](x)dx< — y— — TO„(iV) ™ / \Vg{x)\n{x) dx. 
N m n (N ) J Bp 
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Proof. First we consider the case of n > 2. For x G N , x' G N , we have 

r\x'-x\ £ rW-*\ 

g(x) = g(x) — g(x') = — / — g(x + raj) dr < / \S7g(x + ru)\dr 

.In dr In 



where u> = , x , x , . We now show 

\x —x\ 

(A. 2) r](x) < rj(x + rui) for < r < \x — x\. 

Either if \x\ < \x'\, then x + ruj E B\ x n by the convexity of B\ x i\. By the monotonicity of 77, we have rj{x + rw) > 
rj(x') = 1. Otherwise, if |x| > \x'\, then x + ruj G B\ x \. Since 77(21 + rw) > 77(3;), we obtain (IA.2b . 
By dA.2b , we have 



g{x)rj{x) < / I Vg(x + ru))\rj(x + rui) dr. 

Jo 

Integrating over x G N and x' G No, we have 

m n (Nn) / g(x)r](x)dx< dx dx' / | Vg(.T + ruj)\r)(x + rui) dr. 

JN JN J N Jo 

Let g{x) = r)(x) = on x G R™ \ -Bp. Introducing the polar coordinate, we obtain 



dx' / V<7(a; + rui)\r)(x + rw) 

N Jo 

r r\ x ' ~ x \ 

< I dx' I \\7g(x + rui)\r](x + ruj) dr 

r r\ x ' ~ x \ 

< I dx' I \Vg(x + ruj)\ri(x + rco) dr 



2p(i) 



< 



2P n-i , f , r \V g{x + ruj)\ri{x + ru) 

s" 1 ds I do I — — ^± L r n 1 dr (x' = so + x) 

Jb s { 

(2p) n f \Vg(y)\ V (y) 



i 7—r dy {y = x + ro) 

\x-y\ n 1 

f \Vg(y)\v(y) d 



Therefore, 



^0)/ g{x)vix)dx<^f dxf ^i^dy 

n Jn J Bp \ x — y\ 



\Vg(y)\v(y)dy I 1 K^dx. 



n 

= c 

n J Bp ' " a ^ n ''^'"' a J N \x-y\ n 

We now show the following estimate: 
(A.3) 



1 ^— T dx< (l + Jt? n -\§ n - l ))m„(N)*, 

n \ x — y\ 



where .J^f n 1 (§" x ) is the (n — l)-dimensional Hausdorff measure of the (n — 1) -dimensional unit sphere. To 
show (IA.3I ), let 5 > to be chosen later. We split the integral 

dx 



Ix-yl^ 1 



< 



N 

If 1 

| T ,.|n-l dX + / | r 7 .|„-1 dx J l + J 2' 

JVn{|x-y|<£} Pi/I ./iVn{|x-y|><5} F 2/1 
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By a simple calculation, we obtain 



fS r n-l r 

h< ~^idr da = SJT n - 1 (S 

Jo r " JS"" 1 



n—l /s?n—l\ 



N 



Taking 5 = m n (N)», we have I x + I 2 < (1 + ^r n - 1 (S"- 1 ))m„(Af) » and we obtain (lAJt . 
Using ( IA.31 . we have 

m„(iVo) / g(x)r,(x)dx< [ + ^ ^ / | V ff (y) ^(z/) dy. 



N 



We consider the case n = 1. For x ^ N and a;' € iVn, we have 



Since 



l(x)=g(x)-g(x')= I —g{y)dy< 



dy 



dy 



g{x)7]{x) < 



-^g{y)v(y) 



dy 



< 



dy, 



we obtain 



g{x)rj{x) dx < m n (N) / \Vg(x)\rj(x) dx 



N 



Proof of Proposition \A.2\ Let 

g(x) := max{Z -*,(/- k)+} e W 1 ' 1 ^), iVo := {/ < fc}, 
T?(a;) = 1, N:= {/ > Z}. 

Then, by the Lemma |A~3l we have 

C n p n m n (NY 



g{x) dx < 



N 



\Vg{x)\ dx, 



hence 



(I - k)m n ({f > I}) < 



m n (N ) 

C n p n m n ({f > Z»" 

m n ({f<k}) J{k<f<i} 



\Vf{x)\dx. 



□ 



□ 



A.2. The recursive inequalities. 

Lemma A.4 (Ladyzenskaja-Solonnikov-Ural'ceva lfT31 Lemma 5.7 in p. 96]). Let C,e,S > and b > 1. Assume 
that sequences {^j^Lo j {^nli^Lo c (Oj 00 ) satisfy 

Y n+1 <Cb n (Y^ s + Y^), 

( A - 4 ) 

s„+i <c&"(^ + ^ +£ )- 



<i := min < S 



1 + e 



A = min 



77zen, i/Yo < A ant/ Zq < A 1 * 6 , we obtain 

(A.5) y„ < Aft- ^ , Z n < ( Aft" 3 ) . 

Proof. Inequalities ( IA.5t are valid for n = 0. We prove (IA.5t by induction. If ( IA.5t hold for n, then by ( IA.4b . we 
have 

Y n+1 < 2C\ 1+5 b n ^- 1 ^ ) , Z n+1 < 2CXb n ^-i\ 
Since A < (2C)~ 7 &~ TO and d < S, we have 

2CA l+^„(l-A±i) < Ab _| 6 _ t +„(1-|) < 
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Similarly, since A < (2C) 1 * e 6 ^ , we obtain 

< (A6- i * i )TTi6" (1 -<T*F ) . 
Since d < j^—, we find 1 — (i+ E )d — anc ' hence we have ( IA.5b for n + 1. □ 
A. 3. The weak L p spaces and the Lorentz spaces. Let Q c R n be a domain (not necessary bounded). 
Definition A.5 (The Lorentz spaces). For 1 < p < oo, we define the Lorentz space L p '°°(f2) by 

L p -°°{n) := {/ 6 Lj, c (fi) : A V|/|( A ) is bounded for all A > 0} 
where M|/|(A) := m„({|/| > A}). 

Proposition A.6 (cf. Benilan-Brezis-Crandall |4 pp.548]). For 1 < p < oo, we /iave 

^rrrll/lli£(n) < SU P < ll/lli£(n)- 

p^p A>0 

Proof. First, we show sup A>0 A/i|j|(A)p < my For p, A > 0, we take K = {\f\ > A} n B p . Then we have 

>m n {{x€ClnB p : |/(x)| > A})-" 1 / 

J{|/|>A}ns p 

> Am„({i e f2 fl Bp : \f(x)\ > A})*. 

Letting p — > oo, we find 

A/X|/|(A)I < 

Second, we show ||/||x,pm) < sup A>0 A/Lt|j|(A)p. We fix Ao > 0. For measurable set K C fi, we have 

\f(x)\dx<X m n (K)+ f \f(x)\dx. 

K J{\f\>*o} 

By the above inequality, we have 

\f(x)\dx - mMx € {|/| > Ao} : \f(x)\ > A}) dA 



{|/I>A 



Ao 

m n {{\f\ > Ao}) dA + / m„({|/| > A}) dA 



A>0 

Taking AqTO„ (A") = p sup A>0 A p ^| ^ (A), we find 



= Ao/xjj^Ao) + / ^|/|(A)dA 

J Ao 

< Aj^supA^i/^A) + su P AV|/|(A) / A~ p dA 

A>0 A>0 

^— A^ p supA p /i|/|(A). 
i A^n 



or 

l 



K P-L A>0 

1+i 

Wfhzm ^ 7SupA/z|/|(A)5. 

P ~ 1 A>0 



□ 
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